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Introduction
Let X E x(M) be a dynamical system on the manifold M, and let m E M be an equilibrium that is, X(m) = 0. We say that the equilibrium m is Lyupmv stable or A very important problem in the theory of dynamical systems consists of determining the stability of a given equilibrium. In this direction, the simplest and best known stability criterion is the following. equilibrium m will remain in a given neighborhood of m for extremely long times, which is more than enough for applications in physics. In the same spirit ofjinite time stability or effective stability we also have the results of Nekhoroshev [39] and all its subsequent improvements and implementations (see [14, 19, [8] [9] [10] ,151 and references therein).
Dirichlet's theorem has been adapted to the study of the stability of relative equilibria in symmetric Hamiltonian systems, In this situation it receives the names ofArnold [4] , energyCasimir [20] , or energy-momentum method [47, 25, 43, 40, 36, 24, 42] . All these techniques are based on the definiteness of the second variation of an augmented energy function (which in infinite dimensions needs to be replaced with certain convexity estimates) and, as in the case of Dirichlet's theorem, they provide only sufficient stability conditions. In this paper we will formulate a Dirichlet-like sufficient condition for the stability of periodic orbits (Theorem 3.1) and relative periodic orbits (Theorem 5.4) in the Hamiltonian context. For terminological convenience and to differentiate these results from the situations dealing with equilibria and relative equilibria, we will call our conditions the energyintegrals and the symmetric energy-integrals methods, respectively. To fix ideas, the notion of stability (Fig. 1) we will be interested in is expressed in the following definition, introduced by Birkhoff. Definition 1.2. Let X E x(M) be a dynamical system on the manifold M, and let y be a periodic orbit of (M, X) such that m E y. We say that y is orbitally stable, or that m Let us emphasize that the similarity of the results obtained with Dirichlet's theorem makes them share with it his advantages, as the ease of formulation and use in particular cases, but also his limited range of applicability. Nevertheless, as Dirichlet's result is the first construction block in other kinds of stability criteria in the framework of equilibria already mentioned, so should be the case for the energy and symmetric energy-integrals method for the case of periodic and relative periodic orbits. This will be dealt with in a future work.
The proof strategy of our results follows the remarkable technique introduced by Patrick [43] , based on the use of certain "penalty functions". In a first step, we will restrict ourselves to relative periodic orbits for which the value of the momentum map is a regular value. The singular case will be the subject of a future paper. Also, in this first approach, only the finite-dimensional case will be treated. However, it is expected that infinite-dimensional systems can also be treated in this fashion, at least at "formal stability" level (see [20] ). The structure of the paper is as follows. Section 2 recalls standard notation and results; we will use the terminology and conventions in [ 11. Section 3 presents the energy-integrals method, proves the main theorem and shows its application to some elementary examples. Section 5 extends the energy-integrals method to study the stability of relative periodic orbits. For the convenience of the reader, all the prerequisites on reduction and normal forms are briefly reviewed in Section 4.
Preliminary concepts
Two important tools in the study of periodic orbits are the local transversal sections and the Poincare maps (Fig. 2) . We briefly review these concepts and their principal properties (see PI>.
Definition 2.1. Let X E E(M) be a vector field on the manifold M. A local transversal section of X at m E M is a submanifold S c M of codimension one with m E S and such that for all s E S, X(s) is not contained in T,S. Therefore Ts M = T,S G3 span(X(s)}.
Let 
S'
commutes.
If the manifold A4 is symplectic, with symplectic form w, and the vector field X is a Hamiltonian dynamical system associated to the function h E C?(M) (we will denote X by Xh in this case) then these additional structures allow us to choose the elements of Definition 2.1 with the properties stated in the following theorem (which is Proposition 8.1.3 in [l] ). Note that if y is a closed orbit of Xh, then we may assume that y lies in a regular energy surface & of h since near y, dh must be nonzero. Another concept that will be used ubiquitously is the Hessian, whose definition and properties we recall in what follows. We will use here the definition of the Hessian from differential topology (see [35] 
In particular, ifs is a submanifold of M, f E Coo(M), and m E S then,
Finally, the proof of our first main theorem will require the use of a lemma due to Patrick (see [43] for a proof).
Lemma 2.6. Let A and B be bilinearforms on ajnite-dimensional vector space. Suppose that A is positive semidejkite and that B is positive definite on ker A. Then, there exists r > 0 such that A + E B is positive definite for all E E (0, r).

Orbital stability and the energy-integrals method
We shall work generally on a Poisson manifold, that is, a manifold M whose space of smooth functions COO(M) admits a bracket {. , .} relative to which it is a Lie algebra Hence the hypothesis of the theorem is equivalent to saying that d2 (fl I S) (m) I z x z is definite.
We prove now that Z is the kernel of d2 (f2 1s) (m). Let ~1, v2 6 T,,, S, such that vi = d/dtIr=Oci (t), with ci (t) E S for any t and i E { 1,2}. Let X,; E Z(S) be an extension of vi to a vector field on S whose flow is denoted by FT. Then, by definition d2Cf21s>(Mv,, ~2) = v1Wu,Lfz11
+ (dCn(m) . w)(dCn(m)
. VI>]. Fig. 3 ). Let Dv = inf{d@, y)lx E v \ V}, where d is the distance function on A4 associated to some Riemannian metric on M (we assume that M is paracompact and hence there is always some Riemannian metric on it). The compactness of y and the openness of V guarantee that Dv is never 0.
Hence v 1 E ker d2 (A I s) (m) iff for any IQ E T,,, S, we have
Notice that since f is a conserved quantity, if z E WO rl W1 n f -' [0, E) then P'__s(~) (z) E
Wo fl WI fl f-'[O, E) (see
If A = WO fl WI tl f-l [0, E), we define the map: We shall prove below that Ft(U) c V for all t 2 0. In order to see this, note that, by construction, U is invariant under the flow Fr and hence the claim is proved if we show that U c V. Let us suppose the contrary, namely that there is an element F,(z') E U, z' E A, Example 3.4. The algorithm provided by the energy-integrals method allows us to show, in a computationally straightforward manner, the orbital stability of the periodic orbits of some classical systems: the rigid body, the resonant harmonic oscillator, and the closed Keplerian orbits. Notice that the orbital stability of these motions is known, given that all these systems are integrable and all their bounded motions are periodic which, looking at the system in action-angle coordinates gives us orbital stability. In what follows we give an indication of the conserved quantities that should be used in the application of the energy-integrals method, for each particular system:
(i) The rigid body: the total energy and the total angular momentum.
(ii) The resonant harmonic oscillator: the energies of each oscillator and the generalized angular momentum.
(iii) Closed Keplerian orbits: the total energy, one component of the angular momentum, and one component of the Laplace-Runge-Lenz vector.
Systems with symmetries, reduction and normal forms
We will dedicate Section 5 to study the stability of relative periodic orbits. The analysis of these elements requires some background in reduction theory and normal forms that we will briefly review in this section. The expert may proceed directly to Section 5.
Let (M, w, G, J: M + g*, h : A4 + R) be a Hamiltonian dynamical system with a symmetry given by the Lie group G acting properly on M. The symbol g* denotes the dual of g, the Lie algebra of G.
The Hamiltonian h E P(M)
is G-invariant and the momentum map J is assumed to be equivariant. For any .$ E g, we will denote by Jt E Cm(M) the function defined by Jc (z) := (J(z), t;), where (. , .) is the natural pairing of g with g*. If m E M is such that J(m) = /_L is a regular value of J whose coadjoint isotropy subgroup G, acts freely on the manifold J-'(p), it is well known [34] that the space M, := J-'(l)/GP is a symplectic manifold and that the dynamics induced by h reduces naturally to Hamiltonian dynamics on J-' (p)/ G,. More specifically we have the following. In what follows we will not just assume that the isotropy subgroup G, acts freely and properly on J-'(p), but that the whole group G acts freely and properly on M. In this situation, the orbit space M/G is a smooth manifold (see [l] 
is called the symplectic normal space at m; it is endowed with a natural symplectic structure WV inherited from w(m). By the compactness of G, there is an Adc,, -invariant inner product (. , .) on g, relative to which there is the orthogonal direct sum decompositions g = gee $ q for some subspace q c g. The inner product also allows us to identify all these Lie algebras with their duals. In particular, we have the dual orthogonal direct sum g* = g; $ q*, which allows an identification of gL with a subset of g" . The inclusions induced by these identifications are used in Theorem 4.3 whose proof can be found in [7, 41] or in the original papers. Jr@, r, u> = g . (CL + rl).
In addition, there are G-invariant neighborhoods V of m E M, Vf of (e, 0,O) E Y and an equivariant symplectic difleomorphism I$ : V -+ V' satisfying 4(m) = (e, 0,O) and
JYO~=J.
One of the uses of the MGS normal form is the convenient local characterization of the reduced spaces that is facilitated by the following proposition of Bates and Lerman (see [7] or [41] for a proof). 
F,(m) 2 Ft(e, O,O) = (g(t), 0, v(t)), for some curve g(t) E G,, and v(t) E V. The zero in the second entry is a direct consequence of Proposition 4.4. The fact that g(t) E G,, follows from Noether's theorem. If the Hamiltonian h is G-invariant, the curves g(t) and v(t) are completely determined by the
so-called reconstruction equations (see [41, 42] , for a detailed exposition).
Stability of relative periodic orbits
After the background introduced in the previous section we now define the relative critical elements of a Hamiltonian system with symmetry (M, o, G, J : M + g*, h : A4 + R). As before, we assume that the symmetry is given by the Lie group G acting freely and properly on M. The Hamiltonian h E Cm(M) is G-invariant and J is assumed to be equivariant. Note the similarity of this definition with the concept of relative equilibrium, that is, a point z E M such that in the reduced space it becomes an equilibrium. An RPO is an orbit of Xh such that in the reduced space it is a periodic orbit. These remarks are made more precise in the following theorem. In a Hamiltonian system like the one we are dealing with, the existence of a symmetry gives rise to drift phenomena, making nontrivial the choice of a definition of stability. As it was already the case with relative equilibria (see [47, 25, 43, 36, 24, 42] ), the obvious option, orbital stability, becomes too restrictive. The most natural thing to do is to imitate the notion of stability relative to a subgroup introduced by Patrick [43] . We can state now the main result on the stability of RPPs. Since n, is a sujective submersion, this implies that
Theorem 5.4 (The symmetric energy-integrals method).
Let (M, O, G, J : h4 + g*, h : M + R) be a Hamiltonian system with a symmetry given by the Lie group G acting freely andproperly on M. Assume that the Hamiltonian h E (Y(M) is G-invariant and that J is equivariant. Let m E M be an RPP such that J(m) = /1 E g* is a regular value of J and G, is compact. Then, tfthere is a set of G,-invariant conserved
d(C', + . + . + C"p)([ml,) = 0.
Recall that by part (iv) of Theorem 4.1 
fon=a(C'-C'(m>+...+C"-C"(m))
?? t(C' -C$7z))2+~~~ +(c" -C"(m))?
Sinced ((C'  - However, note that Ad,*F E gWo, the annihilator of gW in g*, and n E 9;. Therefore, Ad,*p = 0 and r] = 0 since gWo n g; = (0) in g*. Hence, We will use this identity in order to prove that 7r-l (U) is the open set that we are looking for in order to conclude the G,-stability of m. Since n is surjective and U 5 rc (V) we have that
We now show that Fr(n-' (17)) s V for positive time. If u E M is such that n(u) E U, we know that
Hence, for any t > 0 there is a g(t) E G, such that 
(5.5)
The solution of the Euler-Lagrange equations that follow from (5.5) is a classical problem on elliptic functions whose solution shows that, generically, the motion of the bob describes RPOs in the phase space with respect to the S' symmetry of the problem. We will show that these RPOs are stable modulo S ' .
In order to use Theorem 5.4, we use the Legendre transform to write the system down in phase space variables (0, p, pe, pq), where the canonical symplectic form is 52 = df3 A dpe + dq A dp, and the Hamiltonian of the spherical pendulum can be written as It may be readily verified that this system is invariant under the lifted action to T * S2 of SO (2) on S2 by q-rotations. This action has the well-known associated equivariant momentum map 
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We will restrict ourselves to regular values of J, that is, we will choose certain /A # 0 in SO(~)*, and we will reduce at it. Clearly, J-'(P) = {Co, rp, Pe, cL>l@, vo, Pe, P) E T*S*l and, since SO (2) In the classical literature (see [ 16, 22] ), V, (0) is called the effective potential of the reduced problem. Fig. 4 exhibits its main features, which allow us to classify the different kinds of motions that the system may generate in terms of the value of its total energy. Note that V, (0) has a single minimum 00, between 0 and n, determined by the relation 2 mgl sine0 --$ cot e. CSC* e. = 0.
If the total energy of the system equals V, (00) := Ecirc, the pendulum describes a circular orbit of radius I sin 00, whose stability can be studied using the energy-momentum method (see [47, 25, 43, 36, 24, 42] ). If the total energy of the system E is such that E > Ecirc, the motion of the pendulum is bounded in its 0 coordinate between certain limit values emin (E) and e,,,,,(E), uniquely determined by the relation V, (t&i,, (E)) = V, (e,,,, (E)) = E; moreover, the motion in the reduced space M, is periodic as we will prove below. 
Proposition 5.6. Let (M, w, h) be a two-dimensional Hamiltonian system and let m E M be a point such that h(m) = E, with E a regular value of the Hamiltonian h, such that the
connected component of h-l (E) that contains m is compact. Then, m is aperiodic point, that is, there is a t > 0 for which Fs (m) = m, where Ft is the Hamiltonianjow generated by h.
Proof. Since every one-dimensional compact and connected manifold is diffeomorphic to a circle, so is the case for the connected component of h-' (E) that contains m. The regularity of E implies that this circle does not contain equilibria and therefore, by the uniqueness of the flow, the time evolution on it must be periodic.
• Since pi is a continuous function of 0 defined on the compact set [&in, B,,J. strictly included on [0, n], it reaches a minimum and a maximum and, therefore it is bounded in h-' (E). This action is Hamiltonian and has an associated momentum map given by J:
Using this symmetry we will proceed in a fashion similar to the spherical pendulum. relative equilibrium with respect to the S' x S' symmetry, whose stability can be studied using the energy-momentum method (see [26, 23, 42] ). If the energy is strictly higher than Ecirc, the variable 8 is bounded between certain values &i,(E) and 8,,,(E) for which v,(&i,(E)) = v,(&nax(E)) = E, and the system describes an RPO, as we prove by showing that the motion in M, is periodic using a method identical to the one followed in the case of the spherical pendulum and based on Proposition 5.6. The only difference is that in this case, 8 and pe are related by pe = fJ2z1 (E -v,(e)). It is well-known that due to general relativistic corrections, even in the two body approximation, the planets do not follow Kepler's First Law, that is, their orbits do not describe ellipses but precessing ellipses. In a first approximation, this correction has the form B/r*, for some constant B, that is, truncating negligible terms, the gravitational potential takes the form
The introduction of potentials of this form to describe the gravitational motion goes back to Newton and Clairaut (see [ 131 for excellent historical remarks). However, it was Manev [28-3 l] who, using physical principles, more specifically, a generalized action-reaction principle, was the first to propose a potential like (5.7) as a correction to the classical Newtonian potential useful in celestial mechanics. The Hamiltonian flow induced by (5.7) has been extensively studied, and completely classified in [12, 13, 21] where G is the constant of gravitation, c the speed of light, and M the mass of the particle at the origin; the mass of the rotating particle is taken to be one.
One of the conclusions of [ 121 is that the bounded motions of this problem, that is, the solutions with negative energy, are generically precessing ellipses. We will concentrate on this case, and we will show that this part of the flow consists generically of Gp-stable RPOs.
The phase space for this problem, as a Hamiltonian system, is T* R3. If we parameterize R3 using spherical coordinates (r, 0, PO> (f3 denotes the colatitude and p the azimuth), the corresponding Hamiltonian function of the system can be written as where m denotes the reduced mass of the two bodies m = M/(M + 1). This system is invariant under the lifted action of SO (3) to T*R3. Moreover, this action is Hamiltonian with equivariant momentum map given by the angular momentum of the system, that is, J(r, p) = r x p, whose expression in spherical coordinates is =(-p,cos(pcotd-p~sin~,ppecos~-p~cot8sin~,p~).
Given that Theorem 5.4 is valid only for regular values of the momentum map, we will restrict ourselves to values /.L # 0 of J. More specifically, we will choose our coordinate system in such a fashion that, without loss of generality, /.L has the form p = As we know, the reduced symplectic form wP is uniquely determined by the relation Since in spherical coordinates w is given by w = dr A dp, + d0 A dpe + dq A dp, it follows that wIL =dr r\dpr.
This implies that (MP, wP, h,) is a simple mechanical system with potential energy (effective potential): Note that the Manev reduced potential V, is identical to the one corresponding to the Kepler problem with momentum equal to m. In other words, the reduced Manev system with momentum p = (0, 0,1), is identical to the reduced Kepler system with momentum /_L' = (0, 0, r 2m B). Hence, up to this momentum shift, the reduced dynamics of both systems are identical. It is the geometrical phase that lifts the dynamics in M, to M that differentiates between the Kepler and the Manev systems.
We will focus on the bounded motions of the reduced system. These motions occur provided that the total momentum of the system 1, satisfies l>&Gz.
In such a case, the effective potential V,(r), looks like the one in Fig. 6 . If the energy E of the system is such that E = Ecir,-, there is a circular orbit, which is a relative equilibrium with respect to the SO (3) symmetry. Its stability can be studied using the energy-momentum method. If the energy is such that 0 > E > -mk2/(2(12 -2mB)), the system describes an RPO which we prove by showing that the motion in M, is periodic using a method identical to the one followed in the case of the spherical pendulum (based on Proposition 5.6). The only difference is that in this case, r and pr are related by 
